An optical electrical model which studies the response of Si-based single photon counting arrays, specifically silicon photomultipliers (SiPMs), to scintillation light has been developed and validated with analytically derived and experimental data. The scintillator-photodetector response in terms of relative pulse height, 10%-90% rise/decay times to light stimuli of different rise times (ranging from 0.1 to 5 ns) and decay times (ranging from 1 to 50 ns), as well as for different decay times of the photodetector are compared in theory and simulation. A measured detector response is used as a reference to further validate the model and the results show a mean deviation of simulated over measured values of 1%. 1956-1976 (1996). 16. S. Tisa, F. Guerrieri, and F. Zappa "Variable-Load Quenching Circuit for single-photon avalanche diodes," Opt.
Introduction
In most modern imaging techniques the outcome is the result of an acquisition chain which eventually is reduced to the manipulation of electrical signals. In radionuclide imaging the electrical signals to be processed originate, in most cases, from a two-step conversion of the radiation quantum to visible light in a scintillator and of the visible light to electric charge in a photodetector, which most commonly is a photomultiplier tube (PMT) [1] . In positron emission tomography (PET), which is of particular interest to this study, the radiation quanta are antiparallel 511 keV photons that originate from annihilation of positrons emitted from specific β + radionuclides, typically 18 F. Even though there are efforts to replace this two-step process, and the associated information loss, with a semiconductor detector material which has direct conversion of the 511 keV photon energy into charge in a single process [2] , the scintillatorphotodetector combination still remains the standard radiation detector used in PET.
Within the past decade there has been increased interest in semiconductor-based single photon counting devices, as an alternative photodetector architecture that can detect individual photons at visible wavelengths at a much higher quantum efficiency compared to PMTs [3, 4] . These photodetectors currently find broad applicability in various research areas, such as telecommunications, physics and biomedical research [5] [6] [7] [8] . Probing individual photons is desirable in many applications involving the detection of low levels of light, as well as in applications where the information that specific photons carry is critical. In the case of PET examples of such information are the arrival time of the scintillation photon that has been detected first, or the correlation between that photon's arrival time and its point of origin within the scintillation crystal (otherwise known as depth of interaction or DoI). The architecture of arrays of single photon counting devices is such that optimum performance is observed for given characteristics of the optical stimulus, such as moderate intensity and short duration. Stimuli originating from coherent light sources allow for tunability of their intensity and duration to values that will guarantee optimum photodetector response.
In this study we focus our research in biomedical applications that use Si-based single photon detector arrays to detect spatially and temporally incoherent optical photons emitted during a scintillation process. However, the results can be applicable for a response to a different luminescence process as well. The properties of such optical stimuli deviate significantly from aforementioned desired ones, thus leading to non-optimum photodetector response. The response of single photon counting arrays to incoherent light has not been extensively studied, yet a general understanding of the different factors that contribute to signal formation is highly desired. This holds true especially in the case of PET, that seeks to detect pairs of simultaneously emitted annihilation quanta based on the generated signals upon their absorption to two scintillation detector elements located on opposite sides of the patient. In this case the response of photodetectors to scintillation light is affected by a number of systematic and random effects which should be properly identified in order to accurately reflect the quanta arrival time. In a recent study we have performed simulations and experiments that outline the dependence of the accuracy at which the arrival time information is estimated on scintillator-specific attributes, such as crystal length, surface treatment, light yield, as well as DoI [9] .
In this work we present and evaluate a model of the response to scintillation of single photon counting arrays with focus on silicon photomultipliers (SiPMs). The ultimate goal of this study is to extend existing knowledge to a more in-depth understanding of the factors that contribute to signal formation in arrays of single photon detectors and to determine under which circumstances deviation from optimal performance is observed. The basic features of the SiPM model were adopted by [10] and properly modified to simulate a complete SiPM instead of individual microcells. Although there have been several studies modeling the stimulated response of isolated microcells in conjunction with an equivalent circuit that represents non-stimulated microcells of the SiPM [11] [12] [13] , these studies typically assume simultaneous optical stimuli for each microcell (such as the ones emitted from a laser source or a light emitting diode). Contrarily, in the current study a dedicated model of each microcell within a SiPM is developed and its response to a realistic scintillation stimulus, as simulated by an appropriate optical model, is monitored on a photon-by-photon basis. The findings will be useful in the imaging field in order to guide the design of future scintillation detectors for PET as well as other biomedical applications.
Silicon photomultipliers with passive quenching
Semiconductor single photon counting arrays, known with various acronyms such as silicon photomultipliers (SiPMs), multi-pixel photon counters (MPPCs), solid state photomultipliers (SSPMs) and single photon avalanche diodes (SPADs), are arrays of avalanche photodiodes (APDs) operating above breakdown in Geiger mode. The individual Geiger APDs (GAPDs), otherwise known as microcells, are connected in parallel to form an array of several thousands of microcells per mm 2 of photosensitive area (Fig. 1, left) . When assuming a low photon flux incident to the SiPM, the device is able to generate a total signal which is proportional to the optical photon intensity. Signal formation in SiPMs is based upon the effective pile-up of the single photoelectron pulses. For the case of instant optical stimulus the SiPM response is maximized, however in the case of time variant optical inten- sity, such as a scintillation stimulus, the SiPM response is subject to variations and statistical uncertainties due to the inefficient single photoelectron pulse pile-up (Fig. 1, right) .
Depending on the quenching mechanism used, the single photoelectron pulse properties and the pile-up of many subsequent such pulses may vary [15] [16] [17] [18] . The focus of this work is in SiPMs employing passive quenching given their currently larger availability. For a passively quenched SiPM the decay time of the single electron pulses may consist of two components, as seen in Eqs. (1) and (2):
where R quench and C quench are the passive elements of the quenching circuitry, C diode is the individual microcell capacitance, C trace is the readout trace parasitic capacitance and R load is the load impedance at which the SiPM is connected for readout. One of the two components is associated with the diode recovery time (τ ph,decay,2 ), whereas the other component (τ ph,decay,1 ) is associated with the total impedance "seen" by each microcell, namely the impedance of the microcells as well as the input load of the subsequent readout electronics. For typical values of the passive elements τ ph,decay,2 is a slow decay component compared to τ ph,decay,1 , however depending on the values of C diode and C quench the role of the two decay times as fast/slow components may be inverted.
The rise time of the single electron pulses is more difficult to describe mathematically. It primarily depends on the avalanche duration, which for silicon is estimated to be a few hundreds of ps, and is limited by the input bandwidth of the readout electronics.
Model of SiPM response to a scintillation optical signal

Convolution model -theory
In theory, the signal formed by a SiPM when stimulated by scintillation photons can be described by the convolution of the single SiPM microcell response probability density function (pdf PD microcell ) and the scintillation pdf (pdf scintillation ), as described in Eqs. (3), (4) and (5).
where τ sc,decay ,τ sc,rise (τ ph,decay,1 ,τ ph,decay,2 ,τ ph,rise ) are the decay and rise time constants, respectively, of the scintillator (photodetector). The function random(..,PDE) is a random number generator following the binomial distribution with probability of success equal to the value of the parameter PDE which represents the SiPM photon detection efficiency. The role of this function is to emulate the limitations imposed in the photodetector response to the detected scintillator pdf due to the relatively low photon detection efficiency of the former typically ranging from 10% to 50% [19] . Examples of the analytically derived pdfs based on Eqs. (4) and (5) Based on the theory of passive quenched SiPMs presented in Section 2 the pdf describing the photodetector response (Eq. (5)) has two different decay constants related to the discharge and the recovery of the diode. Table 1 shows different values for the τ ph,decay,1 ,τ ph,decay,2 for varying combinations of the values for C diode and C quench . It is noted that for all combinations the
value ratio is kept constant in order to simplify the parametrization of the photodetector microcell response pdf. Since, according to Eqs. (1) and (2), for given values of R load , R quench and C trace there is a single set of derived values for τ ph,decay,1 and τ ph,decay,2 , in the following the photodetector microcell decay time will be denoted with the single term τ ph,decay , equal to τ ph,decay,2 , while τ ph,decay,1 can be easily derived from the data of Table 1 .
Optical electrical model -simulation
The process of signal formation in SiPMs has been electrically simulated using the LTspice simulation package [20] . Figure 3 shows a schematic model of a single microcell subcircuitry (Fig. 3 inset) as well as of an array of an arbitrary number of microcells (N). Each microcell is essentially modeled in LTspice as a current source producing a charge spike which ideally emulates a delta function. However, in order to include in the model the finite duration of the avalanche mechanism (including breakdown and quenching), the current source output is mathematically described by a piece-wise linear function defined at three (t,I) coordinate pairs ( Fig. 3): (t start , I start ) = (t optical photon , 0) (t peak , I peak ) = (t * optical photon , I peak ) (t stop , I stop ) = (t * optical photon + t avalanche , 0) where t optical photon is the flight time information of each detected optical photon used to initiate a current pulse in each microcell, t * optical photon is equal to t optical photon temporally shifted to an "infinitesimally" small distance (equal to 1 ps in the current model) in order to emulate instant current generation and t avalanche is the duration of the avalanche mechanism. Information about the value of t optical photon is provided by performing an optical tracking simulation of a given number of scintillation photons emitted according to a pdf similar to pdf scintillator (Eq. (4)) with the difference that the SiPM PDE contribution is not included. The path of each simulated photon within the confined volume of a rectangular crystal element is tracked and the time elapsed from generation to detection is registered. The optical simulation package used is DETECT2000 [21] .
As seen in the top left illustration of Fig. 3 , although the shape of the current source response lacks symmetry around a central time point, as would be required if the response was an ideal delta function, its temporal width always approximates the value of t avalanche . The asymmetry was introduced in order to include the abrupt transitions below breakdown due to the avalanche quenching mechanism.
The value of I peak is determined based on calculations of the total amount of charge produced during the avalanche process as given by the following equation:
and published results on the duration of the avalanche process in silicon [22, 23] . V breakdown is the breakdown voltage which for the specific diodes under study is around 69 V, while V bias is the applied voltage at the SiPM terminals (on the order of 71 V for the device under study).
Knowing the values of Q and t avalanche an approximate estimation of I peak is given by:
The current source is connected in parallel with a small capacitance (C diode ) which represents the SiPM inherent diode capacitance. The pulse then goes through a resistor-capacitor network (R quench -C quench ) which represents the avalanche quenching circuitry. Each microcell subcircuitry, as described above, is connected in parallel with all the others using readout traces which contribute to a parasitic capacitance (C trace ) and the sum of the individual charge spikes (single photoelectron pulses) is read out with a resistive load of variable value (R load ). The values for C diode ,R quench ,C quench and R load are summarized in Table 2 .
Alternative studies model the SiPM microcells as voltage sources connected in parallel with a resistor, where the avalanche process is triggered by a controlled switch [12] . For the purpose of determining the overall SiPM response to scintillation light, the approach of a microcell as a current or voltage source is considered equivalent, despite the different information content that can be derived in either approach.
In order to include the finite photon detection efficiency (PDE) of the SiPM, each optical photon that meets the detection criteria (i.e manages to reach the photodetector sensitive area) during the optical simulation is passed through an additional decision procedure based upon a Bernoulli statistical process which essentially is a binomial distribution with a single trial and 40% probability of success. The complete simulation process is summarized in the block diagram of Fig. 4 . Recovery time effects and geometrical considerations in this study are taken into account within the 40% PDE assumed for the SiPM.
Simulation results
The optical electrical simulation results are initially compared with theoretical predictions based on a the convolution model (theory) described in Section 3.1 and subsequently validated with the experimentally measured scintillator-photodetector response. In both theory and simulation the dependence of decay/rise time and maximum amplitude of the detector response is studied as a function of the photodetector decay time and the scintillator rise and decay times. In every case that the detector response is studied as a function of one variable, all the other variables are assigned fixed values which are summarized in Table 3 . These values were se- lected under the assumption that they represent a good approximation to the values quoted in literature for lutetium oxyorthosilicate (LSO) crystals [24] , which are widely used in PET, and SiPM photodetectors [25] . Figure 5 shows the theoretically predicted scintillator-photodetector response for different scintillator rise/decay times (τ sc,rise , τ sc,decay in Eq. (4)) and photodetector decay times (τ ph,decay equal to τ ph,decay,2 , in Eq. (5)). The signal amplitudes (y-axis) have been normalized to the maximum value at each graph in order to observe the relative changes in pulse height for different values of the rise and decay times.
Convolution model -theory
The predictions of both theory, as well as the developed optical electrical model, for varying microcell rise times are not included in this study given the difficulties of accurately describing the processes affecting this variable. However, it is expected that the effects of detector response associated with the microcell rise time will be similar to the effects associated with the scintillator rise time (Fig. 5, top left) . Figure 6 shows the scintillator-photodetector response predicted by the optical electrical model for different scintillator rise/decay times and photodetector decay times. The scintillator rise and decay times are varied within the DETECT2000 simulation which models the scintillator response with a pdf similar to the one described in Eq. (4). Within the LTspice simulation the photodetector microcell decay time is adjusted by changing the values of C diode and C quench while keeping R quench and R load fixed in order to avoid insufficient quenching of the microcell current as well as variations on the observed pulse height due to variations in the resistive load.
Optical electrical model -simulation
In the case of variable photodetector decay time (Fig. 6, bottom) , the effect of the microcell pulse pile-up becomes evident; even though for decreasing τ ph,decay the detector response is characterized by higher amplitude and smaller rise/decay times, it also appears to have larger pulse height fluctuations. This effect is attributed to the ineffective pile-up of microcell pulses induced by subsequent optical photons which is more enhanced if the arrival time of an optical photon does not overlap with the recovery time of a previously induced microcell. The bottom Table 3. plot of Fig. 6 also shows that for a sufficiently large microcell decay time the pulse height fluctuations are smaller (due to more effective pile-up), despite the significantly smaller pulse height. The validity of this effect is also verified in theory (bottom plot of Fig. 5 ).
In the case of variable scintillator decay time (Fig. 6 , top right) an adverse effect is observed where an increasing τ sc,decay leads to decreasing pulse height and increasing pulse height fluctuations. Similar to the convolution model (Fig. 5, top left) , the scintillator rise time does not appear to have a significant effect in the overall detector response as seen from the top left plot of Fig. 6 . Figure 7 shows comparative graphs of the dependence of maximum pulse height, as calculated from the modeled responses of Figs. 5 and 6, as a function of scintillator and photodetector decay times for the theoretical and the optical electrical model, respectively. Also shown in this figure, are the dependence of the calculated rise and decay times of the overall detector response as a function of the same parameters. Similar trends are observed in both theory and simulation with observable deviations that can be attributed to the fact that the theoretical formulas in Fig. 6 . Scintillation induced response of a SiPM based on the simulation process shown in Figure 3 . The modeled response is shown as a function of scintillator rise (top left), scintillator decay (top right) and SiPM microcell decay (bottom). In each graph all the rise/decay times of the scintillator/photodetector microcell that are not varied, are given constant values shown in Table 3 .
Model validation
Comparison with theory
Eqs. (3), (4) and (5) can provide a generalized framework to predict the detector response, however they do not take into account the various physical and electrical effects encountered in the optical electrical model.
Comparison with measurement
Validation of the optical electrical model with experimental results has been performed by acquiring signals generated from a LSO-SiPM radiation detector, upon absorption of annihilation quanta emitted from a 22 Na positron source. The scintillation material used was Ca co-doped (0.4% Ca concentration) LSO with a measured decay time of 30 ns [24] . The photodetector is a Si-based, blue enhanced 3 × 3mm 2 MPPC consisting of 3600 microcells (Hamamatsu). The experimental setup used for these measurements is shown in Fig. 8 .
In order to compare with the modeled LSO-SiPM response, the detector attributes in both measurements and the model have been appropriately adjusted. The response is measured and simulated when the LSO crystal (3 × 3 × 20 mm 3 , polished surfaces) is irradiated from the side at a point located in the middle of the scintillation crystal element. While in the optical electrical model the exact point of optical photon generation within the crystal volume can be determined, in the case of measurement a second LSO-SiPM detector (3 × 3 × 5 mm 3 , rough surfaces) is used to confine the interaction point by means of electronic collimation. Figure 9 shows the predicted by the optical electrical model LSO-SiPM response (bottom graph) over 25 generated responses for a different seed of the random number generator at each case. The same figure also shows the measured persistence view of 50 detector signals (top graph). Due to the design of the experimental setup the signal appears to be bipolar owing to the RF filtering of the SiPM bias voltage. In order for the signals to be fully comparable we have added in the optical electrical simulation a similar filter circuit. Fig. 9 . Comparison between the measured persistence oscilloscope waveform caption over 50 LSO-SiPM detector pulses (top) and 25 simulated detector pulses (bottom). In measurement, a 20 mm length scintillation crystal has been irradiated from the side with a 22 Na source and an interaction depth in the middle of the crystal was achieved through electronic collimation. In simulation, scintillation photons were generated in the middle of a 20 mm length crystal and the arrival times of the detected photons were used to generate a response in the SiPM according to the logic described in Fig. 4 .
It should be noted that although the optical electrical model does not include the energy resolution of the LSO-SiPM detector (which generally is a function of the scintillation crystal intrinsic energy resolution, the photodetector multiplication noise and the noise of the acquisition electronics), a visual comparison in the persistence views of the simulated and the measured responses yields comparable results.
A more quantitative comparison of the two responses can be made by comparing the average detector response in each case, as shown in the top graph of Fig. 10 . The error bars are based on the calculated standard deviation values of the mean response and in the case of measurement they are indicative of the detector energy resolution, while in the case of simulation are indicative of statistical variations in photon detection. The experimentally derived and simulated values have a systematic temporal shift due to the different sampling pattern adopted by the digitizing electronics (in the case of measurement) and by the simulation transient analysis (in the case of the optical electrical model). Trace interpolation at the same time points was performed in order to allow for direct comparison between the two cases.
The bottom graph of Fig. 10 shows the calculated difference of the two average responses at each time bin. The error bars are calculated based on the error propagation formula for the subtraction of two independent quantities, and are dominated by the error indicative of the detector energy resolution included in the measured LSO-SiPM response. The graph shows a difference close to zero with deviations observed when the response is around its peak value. These deviations are however within the estimated simulation error.
The calculated values of maximum pulse height, rise and decay times of the simulated and the measured detector response are summarized in Table 4 . The errors quoted in the case of Table 4 (maximum pulse height, rise and decay time). The agreement in the calculated and simulated value of the maximum pulse height is remarkable given the fact the the optical electrical model does not include the scintillator intrinsic resolution of approximately 7% for Ca co-doped (0.4% concentration) LSO [26] . This strongly suggests that the scintillation induced signal formation process in Si-based single photon counting arrays is subject to statistical fluctuations that are comparable to the inherent statistical nature of scintillation light emission.
Conclusion
This study presents the feasibility of a complete optical electrical model used to simulate the signal formation of a scintillation detector consisting of Si-based arrays of single photon counters. Validation with both theoretical calculations as well as measurements show that the model can accurately predict the response of SiPM single photon counting arrays to scintillation light. This model can be used as a tool to further understand the dependence of this response on basic detector characteristics, such as rise and decay time of the scintillator/photodetector, and can help to understand the contributions of each component to important performance parameters, such as light output and time resolution. In addition, the combination of optical and electrical properties of the detector under the same simulation framework may allow for more accurate correlation of unknown parameters at the scintillation level to well defined parameters at the electrical response level by using appropriate signal processing techniques. Such correlation is highly desired in imaging modalities such as time of flight PET (ToF-PET), where accurate extraction of timing information has shown to depend on a variety of detector parameters in both the crystal and photodetector level [9] .
It is expected that the findings of this study will guide the selection of the best combination of attributes that will optimize performance in scintillation detection. We aim at using the developed optical electrical model to guide the design of future radiation detectors in PET. Especially given the dominating trend in PET technology towards continuous, full detector signal digitization, models such as the one presented in this work will enhance the effort to extract the maximum amount of information based on signal processing methods and corrections.
Future work involves optimization of the model in order to properly account for detector response changes under the presence of optical crosstalk [27] , afterpulses and dark counts [28] . The prediction of the detector response shape at the non-linear regime is currently under study given the improved timing performance of the devices under operating conditions near device saturation.
